Leading Electroweak Two-Loop Corrections to Precision Observables in the
  MSSM by Heinemeyer, S. & Weiglein, G.
ar
X
iv
:h
ep
-p
h/
02
09
30
5v
1 
 2
5 
Se
p 
20
02
DCPT/02/110
IPPP/02/55
LMU 07/02
hep-ph/0209305
Leading Electroweak Two-Loop Corrections
to Precision Observables in the MSSM
S. Heinemeyer1∗ and G. Weiglein2†
1Institut fu¨r theoretische Elementarteilchenphysik, LMU Mu¨nchen, Theresienstr. 37,
D-80333 Mu¨nchen, Germany
2Institute for Particle Physics Phenomenology,
University of Durham, Durham DH1 3LE, U.K.
Abstract
The leading electroweak MSSM two-loop corrections to the electroweak precision
observables are calculated. They are obtained by evaluating the two-loop O(α2t ),
O(αtαb), O(α2b) contributions to the quantity ∆ρ in the limit of heavy scalar quarks, i.e.
we consider the contributions of a Two-Higgs-Doublet model with MSSM restrictions.
The full analytic result for arbitrary values of the lightest CP-even Higgs boson mass is
presented. The numerical effects of the leading electroweak MSSM two-loop corrections
on the precision observables MW and sin
2 θeff are analyzed. The electroweak two-loop
contribution to MW amounts up to −12 MeV and up to +6 × 10−5 for sin2 θeff . The
corrections from the bottom quark loops can become important for large values of
tan β. They enter with a different sign than the O(α2t ) corrections. We furthermore
investigate the current sensitivity of the electroweak precision observables to the top
Yukawa coupling in the SM and the MSSM. The prospects for indirectly determining
this coupling at the next generation of colliders are discussed.
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1 Introduction
Theories based on Supersymmetry (SUSY) [1] are widely considered as the theoretically
most appealing extension of the Standard Model (SM). They are consistent with the ap-
proximate unification of the gauge coupling constants at the GUT scale and provide a way
to cancel the quadratic divergences in the Higgs sector hence stabilizing the huge hierarchy
between the GUT and the Fermi scales. Furthermore, in SUSY theories the breaking of the
electroweak symmetry is naturally induced at the Fermi scale, and the lightest supersym-
metric particle can be neutral, weakly interacting and absolutely stable, providing therefore
a natural solution for the Dark Matter problem.
Supersymmetry predicts the existence of scalar partners f˜L, f˜R to each SM chiral fermion,
and spin–1/2 partners to the gauge bosons and to the scalar Higgs bosons. So far, the
direct search for SUSY particles has not been successful. One can only set lower bounds of
O(100) GeV on their masses [2]. Furthermore, contrary to the SM two Higgs doublets are
required resulting in five physical Higgs bosons [3]. The direct search resulted in lower limits
of about 90 GeV for the neutral Higgs bosons and about 80 GeV for the charged ones [4].
An alternative way to probe SUSY is via the virtual effects of the additional particles
to precision observables. This requires a very high precision of the experimental results as
well as of the theoretical predictions. The most prominent role in this respect plays the
ρ-parameter [5]. The radiative corrections from vector boson self-energies to the quantity
∆ρ constitute the leading, process independent corrections to many electroweak precision
observables, such as the prediction for ∆r, i.e. the MW − MZ interdependence, and the
effective leptonic weak mixing angle, sin2 θeff .
The radiative corrections to the electroweak precision observables within the Minimal
Supersymmetric Standard Model (MSSM) stemming from scalar fermions, charginos, neu-
tralinos and Higgs bosons have been discussed at the one-loop level in Refs. [6, 7], providing
the full one-loop corrections. More recently also the leading two-loop corrections in O(ααs)
to the quark and scalar quark loops for ∆ρ have been obtained [8] as well as the gluonic
two-loop corrections to the MW −MZ interdependence [9]. Contrary to the SM case, these
two-loop corrections turned out to increase the one-loop contributions, leading to an en-
hancement of up to 35% [8].
In this paper we present the leading two-loop corrections to ∆ρ atO(α2t ), O(αtαb), O(α2b),
i.e. the leading two-loop contributions involving the top and bottom Yukawa couplings.
These contributions are of particular interest, since they involve corrections proportional to
m4t and bottom loop corrections enhanced by tanβ, the ratio of the two vacuum expectation
values. For a large SUSY scale, MSUSY ≫ MZ , the contributions from loops of SUSY
particles decouple from physical observables [10, 8]. Therefore, focusing on the case of large
MSUSY, we derive the leading electroweak two-loop corrections in the limit where besides the
SM particles only the two Higgs doublets of the MSSM are active.
As a first step, in Ref. [11] we have calculated the O(α2t ) corrections in the limit where
the lightest CP-even Higgs boson mass vanishes, i.e. mh → 0. The numerical effect of these
corrections turned out to be relatively small. However, for the corresponding SM result it
was found that the MSMH = 0 limit is only a poor approximation of the result with arbitrary
MSMH [12]. Since a similar behavior can be expected for the MSSM, we perform the calculation
of the leading electroweak two-loop corrections, O(α2t ), O(αtαb), and O(α2b), for arbitrary
1
values of mh. The result obtained in the MSSM is compared with the corresponding SM
correction of O(α2t ) [12]. The resulting shift in MW and sin2 θeff is analyzed numerically.
Since the top Yukawa coupling enters the predictions for the electroweak precision ob-
servables at lowest order in the perturbative expansion at O(α2t ), these contributions allow to
study the sensitivity of the precision observables on this coupling. Using a simple approach
in which we treat the top Yukawa coupling in the SM and the MSSM as a free parameter,
we study the current sensitivities of the electroweak precision observables as well as the
prospective accuracies at the next generation of colliders.
The rest of the paper is organized as follows: in Sect. 2 we review the SM and MSSM
corrections to the quantity ∆ρ and present the details of the calculation of the O(α2t ),
O(αtαb), O(α2b) corrections. Explicit formulas for the results of O(α2t ), O(αtαb), and O(α2b)
can be found in Sect. 3 and the appendix. The numerical analysis is performed in Sect. 4. In
Sect. 5 we analyze the sensitivity of the electroweak precision observables to the top Yukawa
coupling. We conclude with Sect. 6.
2 Calculation of the O(α2
t
), O(αtαb), and O(α
2
b
)
corrections
2.1 One-loop results
The quantity ∆ρ,
∆ρ =
ΣZ(0)
M2Z
− ΣW (0)
M2W
, (1)
parameterizes the leading universal corrections to the electroweak precision observables in-
duced by the mass splitting between fields in an isospin doublet [5]. ΣZ,W (0) denote the
transverse parts of the unrenormalized Z and W boson self-energies at zero momentum
transfer, respectively. ∆ρ gives the dominant contribution to electroweak precision observ-
ables, such as the W boson mass, MW , and the effective leptonic mixing angle, sin
2 θeff . The
induced shifts are in leading order given by (with 1− s2W = c2W = M2W/M2Z)
δMW ≈ MW
2
c2W
c2W − s2W
∆ρ, δ sin2 θeff ≈ − c
2
Ws
2
W
c2W − s2W
∆ρ. (2)
In the SM the dominant contribution to ∆ρ at the one-loop level is given by the t/b
doublet due to their large mass splitting. It reads
∆ρSM0 =
3GF
8
√
2 pi2
F0(m
2
t , m
2
b), (3)
with
F0(x, y) = x+ y − 2 x y
x− y log
x
y
. (4)
F0 has the properties F0(m
2
a, m
2
b) = F0(m
2
b , m
2
a), F0(m
2, m2) = 0, F0(m
2, 0) = m2. Therefore
for mt ≫ mb eq. (3) reduces to the well known quadratic correction in mt,
∆ρSM0 =
3GF
8
√
2pi2
m2t . (5)
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Within the MSSM the dominant correction from SUSY particles at the one-loop level
arises from the scalar top and bottom contribution to eq. (1). For mb 6= 0 it is given by
∆ρSUSY0 =
3GF
8
√
2 pi2
[
− sin2 θt˜ cos2 θt˜F0(m2t˜1 , m2t˜2)− sin2 θb˜ cos2 θb˜F0(m2b˜1 , m
2
b˜2
)
+ cos2 θt˜ cos
2 θb˜F0(m
2
t˜1
, m2
b˜1
) + cos2 θt˜ sin
2 θb˜F0(m
2
t˜1
, m2
b˜2
)
+ sin2 θt˜ cos
2 θb˜F0(m
2
t˜2
, m2
b˜1
) + sin2 θt˜ sin
2 θb˜F0(m
2
t˜2
, m2
b˜2
)
]
. (6)
Here mt˜i , mb˜i(i = 1, 2) denote the stop and sbottom masses, whereas θt˜, θb˜ are the mixing
angles in the stop and in the sbottom sector.
2.2 Results beyond the one-loop level
Within the SM the one-loop O(α) result has been extended in several ways. The dominant
two-loop corrections at O(ααs) are given by [13]
∆ρSM,ααs1 = −∆ρSM0
2
3
αs
pi
(
1 + pi2/3
)
. (7)
These corrections screen the one-loop result by approximately 10%. Also the three-loop
result at O(αα2s) is known. Numerically it reads [14]
∆ρ
SM,αα2s
2 = −
3GF
8
√
2pi2
m2t
(αs
pi
)2
· 14.594... . (8)
Furthermore the leading electroweak two-loop top quark contributions of O(α2t ) have been
calculated. They enter the electroweak precision observables together with the one-loop
contribution according to
ρ =
1
1−∆ρ, ∆ρ = ∆ρ0 +∆ρ1. (9)
First the result for ∆ρ1 in the limit M
SM
H = 0 had been evaluated [15],
∆ρ
SM,α2t
1|MH=0
= 3
G2F
128pi4
m4t · δSM1|MH=0
δSM1|MH=0 = 19− 2pi2. (10)
Later the fullO(α2t ) result without restrictions in the Higgs boson mass became available [12],
where δSM1|MH=0 extends to
δSM1|MH 6=0 = 19− 2pi2 + fct(mt,MH) . (11)
Here fct(mt,MH) contains the extra terms arising from a non-vanishing Higgs boson mass.
Recently also first electroweak three-loop results in the limit ofMH = 0 became available [16].
Numerically they read
∆ρ
SM,α3t
2|MH=0
=
(
GF
8
√
2 pi2
m2t
)3
· 249.74 , (12)
3
∆ρ
SM,α2tαs
2|MH=0
=
(
GF
8
√
2 pi2
m2t
)2 (αs
pi
)
· 2.9394 . (13)
In the MSSM up to now the two-loop calculations have been restricted to the leading
O(ααs) corrections to the scalar quark loops [8]. They consist of the rather lengthy result
for gluino exchange, which decouples for mg˜ → ∞, and of the compact correction for the
gluon exchange contribution [8]:
∆ρSUSY1,gluon =
GF
4
√
2pi2
αs
pi
[
− sin2 θt˜ cos2 θt˜F1(m2t˜1 , m2t˜2)− sin2 θb˜ cos2 θb˜F1(m2b˜1 , m
2
b˜2
)
+ cos2 θt˜ cos
2 θb˜F1(m
2
t˜1
, m2
b˜1
) + cos2 θt˜ sin
2 θb˜F1(m
2
t˜1
, m2
b˜2
)
+ sin2 θt˜ cos
2 θb˜F1(m
2
t˜2
, m2
b˜1
) + sin2 θt˜ sin
2 θb˜F1(m
2
t˜2
, m2
b˜2
)
]
, (14)
with
F1(x, y) = x+ y − 2 xy
x− y log
x
y
[
2 +
x
y
ln
x
y
]
+
(x+ y)x2
(x− y)2 log
2 x
y
− 2(x− y)Li2
(
1− x
y
)
, (15)
where F1 has the properties F1(m
2
a, m
2
b) = F1(m
2
b , m
2
a), F1(m
2, m2) = 0, F1(m
2, 0) = m2(1 +
pi2/3).
Contrary to the SM case where the strong two-loop corrections screen the one-loop result,
the O(ααs) corrections in the MSSM increase the one-loop contributions by up to 35%, thus
enhancing the sensitivity to scalar quark effects. Another difference between the SM and
the MSSM is the mt dependence of the leading contribution to ∆ρ within the SM. They are
∼ m2t for the one-loop and ∼ m4t for the two-loop correction leading to sizable shifts to the
precision observables. Concerning the corrections from loops of SUSY particles, on the other
hand, no large prefactor ∼ m2t at the one-loop level is present. This behavior changes with
the leading electroweak two-loop SUSY corrections, which are ∼ m4t , i.e. of O(α2t ). Therefore
we concentrate on these and the corresponding O(αtαb), O(α2b) corrections in this paper.
Since the SUSY loop contributions in the MSSM decouple if the general soft SUSY-breaking
scale goes to infinity, MSUSY → ∞ [10, 8], the leading contributions for large MSUSY arise
from a Two-Higgs-Doublet model with MSSM restrictions.
2.3 The Higgs sector of the MSSM
Contrary to the SM, in the MSSM two Higgs doublets are required [3]. At the tree-level,
the Higgs sector can be described with the help of two independent parameters (besides g
and g′): the ratio of the two vacuum expectation values, tanβ = v2/v1, and MA, the mass
of the CP-odd A boson. The diagonalization of the bilinear part of the Higgs potential, i.e.
the Higgs mass matrices, is performed via orthogonal transformations with the angle α for
the CP-even part and with the angle β for the CP-odd and the charged part. The mixing
angle α is determined through
tan 2α = tan 2β
M2A +M
2
Z
M2A −M2Z
; −pi
2
< α < 0 . (16)
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One gets the following Higgs spectrum:
2 neutral bosons, CP = +1 : h0, H0
1 neutral boson, CP = −1 : A0
2 charged bosons : H+, H−
3 unphysical Goldstone bosons : G0, G+, G−. (17)
At the tree level, the Higgs boson masses expressed through MZ ,MW and MA are given by
m2h =
1
2
[
M2A +M
2
Z −
√
(M2A +M
2
Z)
2 − 4M2AM2Z cos2 2β
]
(18)
m2H =
1
2
[
M2A +M
2
Z +
√
(M2A +M
2
Z)
2 − 4M2AM2Z cos2 2β
]
(19)
m2H± = M
2
A +M
2
W (20)
m2G = M
2
Z (21)
m2G± = M
2
W , (22)
where the last two relations, which assign mass parameters to the unphysical scalars G0 and
G±, are to be understood in the Feynman gauge.
2.4 Evaluation of the O(α2t ), O(αtαb), O(α2b) contributions
In order to calculate the O(α2t ), O(αtαb), O(α2b) corrections to ∆ρ, see eq. (1), the Feynman
diagrams generically depicted in Fig. 1 have to be evaluated for the Z boson (V = Z) and the
W boson (V = W ) self-energy. We have taken into account all possible diagrams involving
the t/b doublet and the full Higgs sector of the MSSM, see Sect. 2.3.
The two-loop diagrams shown in Fig. 1 have to be supplemented with the corresponding
one-loop diagrams with subloop renormalization, depicted generically in Fig. 2. The coun-
terterms that enter the calculation are the top mass counter term, δmt, the Higgs boson
mass counter term, δM2A, and the tadpole counter terms, δTh and δTH . The renormalization
constants have been derived in the on-shell scheme as outlined in Ref. [17]. The wave func-
tion renormalization constants, entering via the diagrams in Fig. 2, drop out as required.
The Feynman diagrams for the insertions of the fermion and Higgs mass counter terms are
shown in Fig. 3.
The amplitudes of all Feynman diagrams, shown in Figs. 1–3, have been created with the
program FeynArts3 [18], making use of the MSSM model file [19] (where only the non-SM like
counter terms had to be added). The reduction to scalar integrals has been performed with
the program TwoCalc, based on the reduction method of Ref. [20]. As a result we obtained
the analytical expression for ∆ρ depending on the one-loop functions A0 and B0 [21] and on
the two-loop function T134 [20, 22]. For the further evaluation the analytical expressions for
A0, B0 and T134 have been inserted.
In order to derive the leading contributions of O(α2t ), O(αtαb) and O(α2b) we extracted
the contributions proportional to y2t , ytyb and y
2
b , where
yt =
√
2mt
v sin β
, yb =
√
2mb
v cos β
. (23)
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Figure 1: Generic Feynman diagrams for the vector boson self-energies,
(V = {Z,W}, q = {t, b}, φ, χ = {h,H,A,H±, G,G±}).
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Figure 2: Generic Feynman diagrams for the vector boson self-energies with counter term
insertion, (V = {Z,W}, q = {t, b}, φ, χ = {h,H,A,H±, G,G±}).
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Figure 3: Generic Feynman diagrams for the counter term insertions,
(q = {t, b}, φ = {h,H,A,H±, G,G±}).
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The coefficients of these terms could then be evaluated in the gauge-less limit, i.e. for
MW ,MZ → 0 (keeping cW = MW/MZ fixed).
For the Higgs masses appearing in the two-loop diagrams we use the following relations,
arising from the gauge-less limit
m2H± = M
2
A ,
m2G = 0 ,
m2G± = 0 . (24)
Applying the corresponding limit also in the neutral CP-even Higgs sector would yield for
the lightest CP-even Higgs-boson mass m2h = 0 (and furthermore m2H = M2A, sinα =
− cos β , cosα = sin β ). Since within the SM the limit MSMH → 0 turned out to be only
a poor approximation of the result for arbitrary MSMH , we keep in our calculation a non-
zero m2h (which formally is a higher-order effect). Keeping mh as a free parameter is also
relevant in view of the fact that the lightest MSSM Higgs boson receives large higher order
corrections [23], which shift its upper bound up to 135 GeV (for MSUSY ≤ 1 TeV and
mt = 175 GeV) [17, 24]. These corrections can easily be taken into account in this way
(in the Higgs contributions at one-loop order, however, the tree-level value of mh should be
used). Keeping α arbitrary is necessary in order to incorporate non SM-like couplings of the
lightest CP-even Higgs boson to fermions and gauge bosons.
On the other hand, keeping all Higgs-sector parameters completely arbitrary is not pos-
sible, as the underlying symmetry of the MSSM Lagrangian has to be exploited in order
to ensure the UV-finiteness of the two-loop corrections to ∆ρ. We thus have enforced only
those symmetry relations in the neutral CP-even Higgs sector which are explicitly needed in
order to obtain a complete cancellation of the UV-divergences.
In the following, we separately consider the O(α2t ) corrections, corresponding to the limit
where yb = 0, and the full O(α2t ), O(αtαb), O(α2b) contributions. The O(α2t ) corrections are
by far the dominant subset within the SM, i.e. the O(αtαb) and O(α2b) corrections can safely
be neglected within the SM. The same is true within the MSSM for not too large values
of tan β. Thus, we first consider the scenario where only the O(α2t ) corrections need to be
taken into account and then discuss the result in the case where the O(αtαb) and O(α2b)
corrections are non-negligible.
In the case of the O(α2t ) corrections, no further relations in the neutral CP-even Higgs
sector are necessary, i.e. we keep the parameters mh, mH and α arbitrary in the evaluation
of the O(α2t ) corrections. For these contributions also the top Yukawa coupling yt can be
treated as a free parameter, i.e. it is not necessary to use eq. (23). As a consistency check of
our method we recalculated the corresponding SM result [12] and found perfect agreement.
Concerning the corrections to ∆ρ with yb 6= 0, the SU(2) structure of the fermion doublet
requires further symmetry relations. Within the Higgs boson sector it is necessary, besides
using eq. (24), also to use the relations for the heavy CP-even Higgs boson mass and the
Higgs mixing angle,
m2H = M
2
A ,
sinα = − cos β ,
cosα = sin β . (25)
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On the other hand, mh can be kept as a free parameter. The couplings of the lightest
CP-even Higgs boson to gauge bosons and SM fermions, however, become SM-like, once
the mixing angle relations, eq. (25), are used. Furthermore, the Yukawa couplings can no
longer be treated as free parameters, i.e. eq. (23) has to be employed, which ensures that
the Higgs mechanism governs the Yukawa couplings. Also in this case we have evaluated
the corresponding SM corrections. As expected, the corrections arising from yb 6= 0 are
numerically insignificant within the SM.
3 The analytical result for the O(α2
t
) contributions for
the special case mh = 0
For illustration, we discuss in this section the result for the O(α2t ) contributions for the
special case where mh = 0. The result for the O(α2t ) corrections for arbitrary parameters in
the CP-even Higgs sector can be found in Appendix A.1, while the result for the full O(α2t ),
O(αtαb) and O(α2b) corrections can be found in Appendix A.2. The full results have been
included into the code FeynHiggs [25].
In order to simplify the expression for the O(α2t ) contributions as far as possible, we use
in this example the relations eqs. (24) and (25) as well as mh = 0. The only remaining
parameters in this case are the top quark mass, mt, the CP-odd Higgs boson mass, MA, and
tanβ (or sβ ≡ tanβ/
√
1 + tan2 β ).
The analytical result obtained as described in Sect. 2.4 can conveniently be expressed in
terms of
A ≡ m
2
t
M2A
. (26)
The two-loop contribution to the ρ -parameter then reads:
∆ρSUSY1,Higgs,mh=0 = 3
G2F
128 pi4
m4t
1− s2β
s2β A
2
×{
Li2
((
1−√1− 4A
)
/2
) 8√
1− 4AΛ
−2 Li2
(
1− 1
A
)[
5− 14A+ 6A2]
+ log2(A)
[
1 +
2√
1− 4AΛ
]
− log(A)
[
2− 20A
]
− log2
(
1−√1− 4A
2
)
4√
1− 4AΛ
+ log
(
1−√1− 4A
1 +
√
1− 4A
)√
1− 4A(1− 2A)
− log (|1/A− 1|) (A− 1)2
+pi2
[
2
√
1− 4A
−3 + 12AΛ +
1
3
− 2A2 s
2
β
1− s2β
]
− 17A+ 19 A
2
1− s2β
}
, (27)
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with
Λ = 3− 13A+ 11A2. (28)
In the limit of large tan β (i.e. (1− s2β)≪ 1) one obtains
∆ρSUSY1,Higgs,mh=0 = 3
G2F
128 pi4
m4t
[
19
s2β
− 2 pi2 +O (1− s2β)
]
. (29)
Thus for large tanβ the SM limit with MSMH → 0 is reached.
In order to investigate the decoupling behavior of ∆ρSUSY1,Higgs,mh=0, the result for ∆ρ
SUSY
1,Higgs,mh=0
in eq. (27) can be expanded for small values of A, i.e. for large values of MA:
∆ρSUSY1,Higgs,mh=0 = 3
G2F
128 pi4
m4t ×{
19− 2pi2
−1− s
2
β
s2β
[(
log2A+
pi2
3
)(
8A+ 32A2 + 132A3 + 532A4
)
+ log(A)
1
30
(
560A+ 2825A2 + 11394A3 + 45072A4
)
(30)
− 1
1800
(
2800A+ 66025A2 + 300438A3 + 1265984A4
)
+O (A5)
]}
.
In the limit A→ 0 one obtains
∆ρSUSY1,Higgs,mh=0 = 3
G2F
128 pi4
m4t
[
19− 2 pi2]+O(A), (31)
i.e. exactly the SM limit forMSMH → 0 is reached. This constitutes a consistency check, since
in the limit A → 0 the heavy Higgs bosons are decoupled from the theory. Thus only the
lightest CP-even Higgs boson should remain, which in the O(α2t ) approximation (neglecting
higher-order corrections) has the mass mh = 0.
An expansion for small values of MA as well as an analysis of the quality of these expan-
sions can be found in Ref. [11].
The more general expressions, i.e. with mh 6= 0, at O(α2t ), O(αtαb), and O(α2b) can be
found in the appendix.
4 Numerical analysis
4.1 The O(α2t ) contributions
4.1.1 Comparison for ∆ρ
In Fig. 4 the size of the leading O(α2t ) MSSM corrections, eq. (37), is compared with the
leading O(α2t ) contribution in the SM [12], with the leading MSSM corrections arising from
9
the t˜/b˜ sector at O(α) [7], and with the corresponding gluon-exchange contributions of
O(ααs) [8] (theO(ααs) gluino-exchange contributions [8], which go to zero for largemg˜, have
been omitted here). The numerical effects of the different contributions to ∆ρ are shown as
a function of a common SUSY mass scale, MSUSY (which enters the diagonal entries in the
t˜ mass matrix). For the MSSM parameters we have chosen the values as specified in the
mmaxh benchmark scenario [26], i.e. Xt = 2MSUSY, where mtXt is the off-diagonal entry in the
t˜ mass matrix. For our conventions in the t˜ sector, see Ref. [17]. The other parameters are
µ = 200 GeV, Ab = At. µ is the Higgs mixing parameter and At,b are the trilinear Higgs-t˜, b˜
couplings, respectively. While MA has been set to MA = 300 GeV, for tanβ we have chosen
two typical values, tan β = 3 as a low and tanβ = 40 as a high value. (Smaller tan β values
within the mmaxh scenario, where mt is fixed to mt = 174.3 GeV and MSUSY ≤ 1000 GeV,
are disfavored by the LEP Higgs boson searches [4, 27].) From these parameters the values
for mh, mH and α have been obtained. For the numerical evaluation of the CP-even Higgs
boson sector, we have used the results from the t/t˜ sector as presented in Refs. [17, 28, 29].
The SM O(α2t ) corrections, eq. (11), have been evaluated using the result of mh as the SM
Higgs boson mass. MSUSY enters the MSSM O(α2t ) corrections (where as described above,
we have neglected the SUSY loop contributions) only indirectly via its effect on mh.
Fig. 4 shows the decoupling of the effects of scalar quark loops with increasing MSUSY.
TheO(ααs) SUSY corrections are always about an order of magnitude smaller than theO(α)
squark loop contributions to ∆ρ. The decoupling with MSUSY indicates that for large values
of MSUSY the contributions from quarks and scalar quarks within the MSSM essentially
reduce to the quark loop corrections. This motivates to approximate the O(α2t ) corrections
in the full MSSM by the Two-Higgs-Doublet model part.
The O(α2t ) corrections involving quarks and the Higgs sector of the MSSM turn out to be
larger than the O(ααs) SUSY corrections for all values ofMSUSY >∼ 200 GeV. This is related
to the enhancement by the prefactor m4t/M
4
W . The O(α2t ) corrections even exceed the O(α)
squark loop corrections for MSUSY >∼ 600 GeV, i.e. these contributions can compensate each
other as they enter with different sign. This applies also for the no-mixing scenario (Xt = 0,
MSUSY = 2000 GeV) [26], which is not shown here.
In Fig. 5 we analyze the dependence of the O(α2t ) contributions to ∆ρ on the lightest
CP-even Higgs boson mass, mh. For the MSSM parameters we have again chosen values as
specified for the mmaxh and the no-mixing scenario. While tan β has been fixed to tan β =
3, 40, the CP-odd Higgs boson mass has been varied from 50 GeV to 1000 GeV.
As can be seen in Fig. 5, the O(α2t ) MSSM contribution is of O(10−4). It is always larger
than the corresponding SM result. In the limit of large MA, i.e. at the endpoint of the mh
spectrum, the difference of the SM and the MSSM result are numerically very small. This
is in accordance with the decoupling behavior that we have discussed analytically for the
special case with mh = 0, see Sect. 3.
In Fig. 6 the decoupling behavior for largeMA of ∆ρ
SUSY
1,Higgs is analyzed numerically. Since
MA is the only non-SM scale that directly enters ∆ρ
SUSY
1,Higgs, the result should become SM-
like once MA is taken to very large values. This is shown in the m
max
h and the no-mixing
scenario for tan β fixed to tanβ = 3(40) in the left (right) plot of Fig. 6. The SM value
of ∆ρSM1,Higgs is obtained for M
SM
H = mh. While for the small tan β value the decoupling is
very slow and is reached only for MA >∼ 3 TeV, for the large tan β value ∆ρSUSY1,Higgs decouples
already for very small MA values. This numerical behavior is analogous to the analytical
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Figure 4: The contribution of the leading O(α2t ) MSSM corrections, ∆ρSUSY1,Higgs, eq. (37),
is shown as a function of MSUSY for MA = 300 GeV and tanβ = 3 (left plot) or tanβ =
40 (right plot) in the mmaxh scenario. ∆ρ
SUSY
1,Higgs is compared with the leading O(α2t ) SM
contribution and with the leading MSSM corrections originating from the t˜/b˜ sector of O(α)
and O(ααs). Both O(α2t ) contributions are negative and are for comparison shown with
reversed sign. In the right plot the O(α2t ) corrections differ by about 1.5 × 10−7, which is
not visible in the plot.
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Figure 5: The contribution of the leading O(α2t ) MSSM corrections, ∆ρSUSY1,Higgs, is shown as
a function of mh for tan β = 3 (left plot) and for tan β = 40 (right plot) in the m
max
h and the
no-mixing scenario. ∆ρSUSY1,Higgs is compared with the leading O(α2t ) SM contribution.
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Figure 6: The O(α2t ) MSSM contribution to ∆ρ in the mmaxh and the no-mixing scenario
is compared with the corresponding SM result with MSMH = mh. mh is obtained in the left
(right) plot from varying MA from 100 GeV to 3000(300) GeV, while keeping tanβ fixed at
tanβ = 3(40).
result described in Sect. 3 for the mh → 0 limit. However, it should also be noted that for
small values of MA the behavior of the SM and the MSSM contributions is very different.
While the SM contribution depends sensitively on MSMH , in the MSSM for MA
>∼ 100 GeV
(corresponding to mh >∼ 90 GeV, see Fig. 5) the dependence on the Higgs boson masses is
much less pronounced, see in particular the right plot of Fig. 6.
4.1.2 Effects on precision observables
In this section the numerical effect of the O(α2t ) corrections on the electroweak precision
observables, MW and sin
2 θeff is analyzed. In addition to the MSSM O(α2t ) correction to
δMW and δ sin
2 θeff , we also present the effective change from the SM result (where the SM
Higgs boson mass has been set to mh) to our new MSSM result.
In Fig. 7 the absolute contribution and the effective change for the W boson mass is
presented. For the numerical evaluation we have chosen themmaxh benchmark scenario (where
MSUSY = 1000 GeV). In the left plot tan β is fixed to tanβ = 3, 40, while MA is varied from
50 GeV to 1000 GeV, resulting in the Higgs boson mass mh. The effect of the O(α2t ) MSSM
contributions on δMW amounts up to −12 MeV. For largeMA and/or large tanβ it saturates
at about −10 MeV. The effective change in MW is significantly smaller. It amounts up to
−3 MeV and goes to zero for largeMA as expected from the decoupling behavior. In the right
plot of Fig. 7 δMW is shown as a function of tan β. MA is kept fixed to MA = 100, 300 GeV.
The effect of ∆ρSUSY1,Higgs saturates for large tan β. For a small CP-odd Higgs boson mass,
MA = 100 GeV, a shift of −2 MeV in MW remains also in the limit of large tan β, since the
two Higgs doublet sector does not decouple from the MSSM. For large MA, MA = 300 GeV,
for nearly all tanβ values the effective change in MW is small.
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Figure 7: The absolute O(α2t ) MSSM contribution and the effective change in δMW is shown
for MSUSY = 1000 GeV in the m
max
h scenario. The other parameters are µ = 200 GeV, Ab =
At. mh is obtained in the left (right) plot from varying MA from 50 GeV to 1000 GeV, while
keeping tanβ fixed at tan β = 3, 40 (from varying tanβ from 2 to 40, while keeping MA fixed
at MA = 100, 300 GeV.)
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Figure 8: The absolute O(α2t ) MSSM contribution and the effective change in δ sin2 θeff
is shown for MSUSY = 1000 GeV in the m
max
h scenario. The other parameters are µ =
200 GeV, Ab = At. mh is obtained in the left (right) plot from varying MA from 50 GeV to
1000 GeV, while keeping tanβ fixed at tanβ = 3, 40 (from varying tanβ from 2 to 40, while
keeping MA fixed at MA = 100, 300 GeV.)
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The absolute contribution and the effective change for δ sin2 θeff is shown in Fig. 8 for
the same parameters as in Fig. 7. The absolute effect is around +6 × 10−5. The effective
change ranges between +3× 10−5 for small tanβ and small MA and approximately zero for
large tan β and large MA.
The effects of theO(α2t ) MSSM corrections inMW and sin2 θeff discussed above are smaller
than the current experimental errors, δM expW = 34 MeV and δ sin
2 θexpeff = 17 × 10−5 [30].
However, their inclusion is crucial in order to reduce the theoretical uncertainties from
unknown higher order corrections within the MSSM to a similar level as in the SM of
δM theoW ≈ ±5 MeV and δ sin2 θtheoeff ≈ ±7 × 10−5 [31, 32]. Achieving this level of theoretical
accuracy will be mandatory in particular in view of the prospective accuracies at a future
linear collider running on the Z peak and the WW threshold (GigaZ), δM exp,futW ≈ 7 MeV
and δ sin2 θexp,futeff ≈ 1.3× 10−5 [33, 34, 32].
4.2 The O(α2t ), O(αtαb), and O(α2b) contributions
In this section the numerical effect of the O(α2t ), O(αtαb), and O(α2b) corrections on ∆ρ
is analyzed. As discussed in Sect. 2.4, for these corrections is was necessary to employ the
Higgs sector restrictions as given in eqs. (24) and (25). This implies that the couplings of
the lightest CP-even Higgs boson to gauge bosons and SM fermions are SM-like. Corrections
enhanced by tanβ thus arise only from the heavy Higgs bosons, while the contribution from
the lightest CP-even Higgs boson resembles the SM one.
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Figure 9: The O(α2t ), O(αtαb), and O(α2b) MSSM contribution to ∆ρ in the mmaxh and the
no-mixing scenario is compared with the corresponding SM result with MSMH = mh. In the
left plot tan β is fixed to tanβ = 40, while MA is varied from 50 GeV to 1000 GeV. In the
right plot MA is set to 300 GeV, while tan β is varied. The bottom quark mass is set to
mb = 4.25 GeV.
In Fig. 9 we show the result for the O(α2t ), O(αtαb), and O(α2b) MSSM contributions to
∆ρ in the mmaxh and the no-mixing scenario, compared with the corresponding SM result
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with MSMH = mh. In the left plot tan β is fixed to tanβ = 40 and MA is varied from 50 GeV
to 1000 GeV. In the right plot MA is fixed to MA = 300 GeV, while tan β is varied.
For large tanβ the O(αtαb) and O(α2b) contributions yield a significant effect from the
heavy Higgs bosons in the loops, entering with the other sign than the O(α2t ) corrections,
while the contribution of the lightest Higgs boson is SM-like. As one can see in Fig. 9, for
large tan β the MSSM contribution to ∆ρ is smaller than the SM value. For large values
of MA, the SM result is recovered. The effective change in the predictions for the precision
observables from the O(αtαb) and O(α2b) corrections can exceed the one from the O(α2t )
corrections. It can amount up to δMW ≈ +5 MeV and δ sin2 θeff ≈ −3×10−5 for tanβ = 40.
5 Constraints on the top Yukawa coupling in the SM
and the MSSM
The ∆ρ
α2
t,b
1,Higgs corrections in the SM and the MSSM are of particular interest, since these are
the leading corrections in which the top and bottom Yukawa couplings, i.e. the coupling of
Higgs bosons to top and bottom quarks, enter the predictions for the electroweak precision
observables. Thus, the electroweak precision tests of the SM and the MSSM provide some
sensitivity to the Yukawa couplings in these models.
In order to exemplify this sensitivity, we use a simple approach in which we treat the top
Yukawa coupling in the SM and the MSSM as a free parameter. While a complete calculation
of top and bottom contributions, as discussed in the previous sections, requires the relation
between the Yukawa coupling and fermion mass within the SM and the MSSM, this relation
is not formally needed if one restricts to the top contributions only. Numerically, this is an
excellent approximation within the SM and also in the MSSM for not too large tan β.
In the following we analyze the sensitivity to the top Yukawa coupling in the SM and
the MSSM. Since in the MSSM contributions beyond the ∆ρ
α2t
1,Higgs corrections are not yet
known, for this comparison we restrict the SM contributions also to the leading electroweak
∆ρ
α2t
1,Higgs term [12], neglecting the formally subleading electroweak two-loop corrections to
the precision observables [31], which can, however, be of similar size.
Fig. 10 shows the effect of varying the top Yukawa coupling in the SM and the MSSM
for the precision observables MW and sin
2 θeff in comparison with the current experimental
precision. The allowed 68% and 95% C.L. contours are indicated in the figure. The Yukawa
coupling is scaled in the following way,
yt = x y
SM
t , 0 ≤ x ≤ 3, (32)
and analogously in the MSSM. A shift of this kind in the relation between a fermion mass and
the corresponding Yukawa coupling can occur for instance in the MSSM (see e.g. Ref. [35]),
yt =
√
2mt
v sin β
1
1 + ∆t
, (33)
where ∆t is induced by SUSY loop corrections. Here we do not assume any particular scenario
but use the variation of the top Yukawa coupling only for demonstrating the sensitivity to
this parameter.
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Figure 10: The effect of scaling the top Yukawa coupling in the SM (upper plot) and the
MSSM (lower plot) for the precision observablesMW and sin
2 θeff is shown in comparison with
the current experimental precision. The variation with mt and ∆αhad is shown within their
current experimental errors. For the SM evaluation, MSMH has been set to the conservative
value of MSMH = 114 GeV (see text). For the MSSM evaluation the parameters are MSUSY =
1000 GeV, Xt = 2000 GeV, MA = 175 GeV, tanβ = 3 and µ = 200 GeV, resulting in
mh ≈ 114 GeV. The obtained upper bounds are yt < 1.3 ySMt and yt < 1.7 yMSSMt for
mt = 174.3 GeV as well as yt < 2.2 y
SM
t and yt < 2.5 y
MSSM
t for mt = 179.4 GeV, all at the
95% C.L.
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For the evaluation of MW and sin
2 θeff in the SM and the MSSM, we take into account
the complete one-loop results as well as the leading two-loop O(ααs) and O(α2t ) corrections
(as discussed in Refs. [32, 36]). Since the SM prediction deviates more from the experimental
central value for increasing values ofMSMH , we have chosen in the figureM
SM
H = 114 GeV [37]
as a conservative value. The current 1σ uncertainties in mt and ∆αhad are also taken into
account, as indicated in the figures. Varying the SM top Yukawa coupling (upper plot) yields
an upper bound of yt < 1.3 y
SM
t for mt = 174.3 GeV and of yt < 2.2 y
SM
t for mt = 179.4 GeV,
both at the 95% C.L. These relatively strong bounds are of course related to the fact that
the theory prediction in the SM shows some deviation from the current experimental central
value.
The lower plot of Fig. 10 shows the analogous analysis in the MSSM for one particular
example of SUSY parameters. We have chosen a large value of MSUSY, MSUSY = 1000 GeV,
in order to justify the approximation of neglecting the O(α2t ) contributions from SUSY loops.
The other parameters are Xt = 2000 GeV, MA = 175 GeV, tan β = 3 and µ = 200 GeV,
resulting in mh ≈ 114 GeV (for comparison with the SM case). The SUSY contributions to
MW and sin
2 θeff lead to a somewhat better agreement between the theory prediction and
experiment and consequently to somewhat weaker bounds on yt. In this example we find
yt < 1.7 y
MSSM
t for mt = 174.3 GeV and yt < 2.5 y
MSSM
t for mt = 179.4 GeV, both at the
95% C.L.
In order to demonstrate the sensitivity of future colliders for the determination of the
top Yukawa coupling from electroweak precision observables, we list in Tab. 1 the bounds
on yt obtainable at the LHC and a future LC with GigaZ option [34]. Here we assume that
the future experimental central values of MW and sin
2 θeff agree with the theory predictions
for yt/y
SM
t = 1 and yt/y
MSSM
t = 1, respectively. An accuracy in the indirect determination
of yt of about 40% can be achieved with the GigaZ precision at the 95% C.L. This is similar
to the accuracy achievable from the tt¯ threshold measurements, see Ref. [39]. The results
in Tab. 1 are the same for the SM and our SUSY example, since the only difference (after
assuming that the future experimental central values ofMW and sin
2 θeff agree perfectly with
the SM or MSSM predictions) are the relatively small deviations at O(α2t ) between the SM
and the MSSM shown in Figs. 7, 8.
LHC (δmt = 2 GeV) LHC (δmt = 1 GeV) LC/GigaZ
yt/y
SM
t 2.5 2.3 1.4
yt/y
MSSM
t 2.5 2.3 1.4
Table 1: Sensitivity to the top Yukawa coupling at future colliders: For the LHC we assume
δmt = 2 GeV or 1 GeV, δMW = 15 MeV, δ sin
2 θeff = 17×10−5 [32,38], while for LC/GigaZ
we use δmt = 0.1 GeV, δMW = 7 MeV and δ sin
2 θeff = 1.3× 10−5 [33,34,32]. For ∆αhad we
assume a future uncertainty of δ∆αhad = 5× 10−5. The bounds on yt/ySMt and yt/yMSSMt are
given at the 95% C.L., assuming that the theory predictions agree with the experimental
central values for MW and sin
2 θeff for yt/y
SM,SUSY
t = 1. The SUSY parameters are chosen
as for Fig. 10.
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6 Conclusions
We have calculated the leading O(α2t ), O(αtαb), and O(α2b) corrections to ∆ρ in the MSSM
in the limit of heavy squarks. The analytical results for arbitrary values of the lightest CP-
even Higgs boson mass have been presented. While for the O(α2t ) result all parameters in the
CP-even Higgs sector could be kept arbitrary, for the full result further tree-level relations
had to be employed, which lead to SM-like couplings of the lightest CP-even Higgs boson to
gauge bosons and SM fermions.
Numerically we compared the effect of the new MSSM contribution with the leading
O(α2t ) SM contribution. For small tanβ, it is sufficient to restrict to the O(α2t ) corrections.
Their numerical effect is always larger than the O(α2t ) SM contribution. The corrections
to the precision observables MW and sin
2 θeff amount up to −12 MeV for MW and about
+6 × 10−5 for sin2 θeff . The effective change from the SM O(α2t ) result with MSMH = mh is
smaller. It amounts up to −3 MeV for MW and +2×10−5 for sin2 θeff . This effective change
goes to zero for large MA, i.e. the non-SM contribution decouples.
The O(αtαb) and O(α2b) contributions become important for large tanβ. They enter
with a different sign than the O(α2t ) corrections and can overcompensate the latter. For
large tan β the effective change in the predictions for the precision observables from the
whole O(α2t ), O(αtαb), and O(α2b) corrections can amount up to δMW ≈ +5 MeV and
δ sin2 θeff ≈ −3 × 10−5. For large MA also in this case the SM result is recovered.
The MSSM corrections to the electroweak precision observables discussed here are impor-
tant in order to reduce the theoretical uncertainties from unknown higher order corrections
within the MSSM to a similar level as currently reached for the SM. Achieving this level of
theoretical accuracy will be mandatory in particular in view of the prospective accuracies at
a future linear collider running on the Z peak and the WW threshold.
We have furthermore discussed the sensitivity of the electroweak precision observables to
the top Yukawa coupling, which enters at the two-loop level. Varying the SM top Yukawa
coupling and requiring consistency with the present experimental values of MW and sin
2 θeff
at the 95% C.L. yields an upper bound of yt < 1.3 y
SM
t for mt = 174.3 GeV. This bound can
be relaxed within the MSSM, where additional contributions from SUSY loops to the elec-
troweak precision observables can lead to a better agreement with the experimental data.
We have also analyzed the sensitivity of future colliders for the determination of the top
Yukawa coupling from electroweak precision observables, assuming that the future experi-
mental central values of MW and sin
2 θeff agree with the theory predictions for unmodified
Yukawa couplings. An accuracy in the indirect determination of yt of about 40% can be
achieved with GigaZ precision at the 95% C.L., which is similar to the accuracy achievable
from tt¯ threshold measurements.
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Appendix
A Analytical results or arbitrary values of mh
A.1 The result for the O(α2t ) contributions for arbitrary parame-
ters in the CP-even Higgs sector
We give here the analytical result for the O(α2t ) contributions where mh, mH and α are
kept as arbitrary parameters, see Sect. 2.4. The full result for the O(α2t ) contributions can
conveniently be expressed in terms of
A ≡ m
2
t
M2A
, H ≡ m
2
t
m2H
, h ≡ m
2
t
m2h
. (34)
We furthermore use the abbreviations sx ≡ sin x, cx ≡ cosx and
Λx ≡ 3A2(1− 6x+ 10x2)− 4Ax(1− 5x+ 7x2) + x2(1− 4x+ 6x2)
Λ′x ≡ A2(−1 + 12x+ 12x2)− 2Ax(−1 + 10x+ 4x2) + x2(−1 + 8x)
Yx ≡ 2x(−1 + 4x) [A(1− 4x)− x]
P3 ≡ 2A2(−1 + 4A)(h−H)
[
2A3 + A2(−1 + 2h+ 2H)− 6AhH + hH
]
P4 ≡ 2A(−1 + 4A)(h−H)
[
20A4 − 2A3(5 + 6h+ 6H)
+A2(1 + 8H + 8h+ 4hH)−A(h +H + 6hH) + hH
]
P ′4 ≡ −2A(−1 + 4A)(h−H)
[
18A4 −A3(9 + 14h+ 14H)
+A2(1 + 8H + 8h+ 10hH)− A(h+H + 7hH) + hH
]
P5 ≡ 4A5 + A4(54 + 136h)− 2A3(17 + 108h+ 54h2)
+A2(5 + 94h+ 146h2)− 2Ah(6 + 29h) + 7h2 . (35)
The two-loop contribution to the ρ -parameter then reads:
∆ρSUSY1,Higgs = 3
G2F
128 pi4
m4t
1
s2β
× (36){
Li2
(
(1−√1− 4H )/2
) 2√
1− 4H (A−H)2H2
[
s2αΛH + sβsα(sβsα + cβcα)YH
[
sβcβ(sβcβ + sαcα) + sβsα(sβsα + cβcα) + 2s
3
βsα(sβsα + cβcα)
]
2H3(−1 + 4H) +
]
+ Li2
(
(1−√1− 4 h )/2
) 2√
1− 4 h (A− h)2h2
[
c2αΛh + sβcα(sβcα − sαcβ)Yh
− [−2sαcαsβcβ(1 + s2β) + s2β(1 + c2α) + s4β(1− 2s2α)] 2h3(1− 4h)
]
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+ Li2
(
(1−√1− 4A )/2
) 2cβ√
1− 4A (1− 4A)A2(A− h)2(A−H)2[
sαcαsβP4 −
[
2sαcαs
3
β + s
2
βcβ(1− 2s2α)
]
P3 + cβ(A−H)2P5 + cβs2αP ′4
]
+ Li2
(
1− 1
H
)
(H − 1)2
(A−H)2H2
[
s2α
[
A2(−3 + 6H)− 4A(−1 +H)H −H2]
+
[
s2β(1 + s
2
α)− s4β(1− 2s2α) + 2sβcβsαcα(1 + s2β)
]
2H3
+sβsα(sβsα + cβcα)2H(A(1− 4H)−H)
]
− Li2
(
1− 1
h
)
(h− 1)2
(A− h)2h2
[ [
2sβcβ(1 + s
2
β)sαcα − s2β(1 + c2α)− s4β(1− 2s2α)
]
2h3
+sβcα(cβsα − sβcα)2h(A(1− 4h)− h) + c2α
[
A2(3− 6h) + 4Ah(−1 + h) + h2]
]
− Li2
(
1− 1
A
)
cβ
A2(A− h)2(A−H)2
[
sαcαsβ2(A− 1)A(h−H)
[
2A4 − 7A3
+A2(1 + 5h+ 5H − 2hH)−A(h +H + 3hH) + hH
]
+
[
2sαcαs
3
β + s
2
βcβ(1− 2s2α)
]
2(A− 1)A2(h−H)
[
A3 + A2(1− 2h− 2H)
+3AhH − hH
]
+ cβ(A−H)2
[
A4(−3 + 6h)− 4A3(1 + 3h+ h2)
+A2(3 + 22h+ 11h2)− 8Ah(1 + 2h) + 5h2
]
+ cβs
2
α(−2)(A− 1)A(h−H)[
3A4 − 2A3(3 + h +H) + A2(1 + 5h+ 5H + hH)−A(h +H + 4hH) + hH
]]
+ log2(h)
1
2
√
1− 4 h (A− h)2h2
[{
2sβsα
[
sβsα + cβcα(1 + s
2
β)
]
−s2β
[
2 + s2α + s
2
β(1− 2s2α)
] }
2h3(1− 4h) + sβsαcαcβ2h(−1 + 4h)(A(−1 + 4h) + h)
+c2αΛh + s
2
βc
2
αYh
]
+ log2(H)
1
2
√
1− 4H (A−H)2H2
[
s2αΛH +
{
s2β
[
1 + s2α − s2β(1− 2s2α)
]
+
2sβcβsαcα(1 + s
2
β)
}
2H3(−1 + 4H) + sβsα(sβsα + cβcα)YH
]
+ log2(A)
cβ
2(1− 4A)2A2(A− h)2(A−H)2
[
sβsαcα
√
1− 4AP4
20
+s2β
[−2sβsαcα − cβ(1− 2s2α)]√1− 4AP3 + cβ(A−H)2[2(1− 4A)2(A− h)2
+
√
1− 4AP5
]
+ cβs
2
α
√
1− 4AP ′4
]
+ log(h)
1
2h2(A− h)2
[ [−2sβcβ(1 + s2β)sαcα + s2βc2α + s2β(1 + s2β(1− 2s2α))] 4h4
+sβcα(cβsα − sβcα)4h2(A(1 + 4h)− h) + c2αΛ′h
]
+ log(H)
1
2H2(A−H)2
[
s2αΛ
′
H +
[
s2β + sβsα(sβsα + cβcα)− s4β(1− 2s2α)
+sβcβsαcα(1 + 2s
2
β)
]
4H4 + sβsα(sβsα + cβcα)4H
2(−A(1 + 4H) +H)
]
+ log(A)
1
2A2(−1 + 4A)(A− h)2(A−H)2
[
− (A−H)2
[
A4(−76 + 48h)
+A3(32 + 156h− 32h2) + A2(−3− 68h− 84h2) + 6Ah(1 + 6h)− 3h2
]
+s2α4A
2(−1 + 4A)(h−H) [3A3 + A2(1− 2h− 2H)−A(h +H − hH) + hH]
+s2β
[
4A6(−19 + 8h+ 4H)− 4A5(−8− 40h− 37H + 24hH + 8H2)
+A4(−3 − 64H − 68h− 68H2 − 92h2 − 312hH + 16h2H + 96hH2)
+A3(6H + 6h+ 32H2 + 36h2 + 136hH + 180h2H + 144hH2 − 32h2H2)
+A2(−3h2 − 3H2 − 12hH − 72h2H − 68hH2 − 84h2H2) + 6AhH(h+H + 6hH)
−3h2H2
]
+ s2βs
2
α(−4A2)(−1 + 4A)(h−H)
[
A3 + A2(1 + 2h+ 2H)
−A(h +H + 5hH) + hH
]
+ s4β(1− 2s2α)4A3(−1 + 4A)(h−H)
[
A2 − 2A(h+H)
+3hH
]
+ sβcβsαcα(−4A2)(−1 + 4A)(h−H)
[
2A3 + A2 − A(h+H + 2hH) + hH]
+s3βcβsαcα(−8A3)(−1 + 4A)(h−H)
[
A2 − 2A(h+H) + 3hH]
]
+ log
[
(1−
√
1− 4 h )/2
] 1√
1− 4 h (A− h)2h2
[
− c2αΛh +
[
− 2s2β
+sβsα(sβsα + cβcα)− s4β(1− 2s2α) + sβcβsαcα(1 + 2s2β)
]
2h3(−1 + 4h)
+
[
sβsα(sβsα + cβcα)− s2β
]
Yh
]
− log
[
(1−√1− 4H )/2
] 1√
1− 4H (A−H)2H2
[
s2αΛH +
[
s2β(1 + s
2
α)
21
−s4β(1− 2s2α) + 2sβcβsαcα(1 + s2β)
]
2H3(−1 + 4H) + sβsα(sβsα + cβcα)YH
]
− log
[
(1−√1− 4A )/2
] cβ
(1− 4A)√1− 4AA2(A− h)2(A−H)2
[
sβsαcαP4
+s2β
[−2sβsαcα − cβ(1− 2s2α)]P3 + cβ(A−H)2P5 + cβs2αP ′4
]
+ log
(
1−√1− 4 h
1 +
√
1− 4 h
)
c2α
√
1− 4 h (1− 4h)
2h2
+ log
(
1−√1− 4H
1 +
√
1− 4H
)
s2α
√
1− 4H (1− 4H)
2H2
+ log
(
1−√1− 4A
1 +
√
1− 4A
)
c2β
√
1− 4A
2A2
+ log (| − 1 + 1/A|) −c
2
β(A− 1)2
A2
+
1
6(1− 4A)2A2h2H2(A− h)2(A−H)2(−1 + 4h)(−1 + 4H) ×[
6(1− 4A)2AhH(A− h)(A−H)(−1 + 4h)(−1 + 4H)×
(
H(A−H) [A2(−4 + 25h)− Ah(7 + 23h) + 11h2]+ s2α(−2A)(h−H)
[
2A2 + A(−2H − 2h+ hH) + 2hH]+ s2βhH[A2(11− 4h+ 2H)
+A(−11H − 11h+ 2hH) + 11hH
]
+ s2βs
2
αHh(6A
2)(h−H)
+s4β(1− 2s2α)(2A2hH(h−H)) + sβc3βsαcα4A2hH(h−H)
)
+ pi2
(
(1− 4A)2(1− 4h)(1− 4H)(A− h)2(A−H)2h2H2
{
2A2(h−H)
[
(−1 + 2s2α)s4β
+2sαcαsβ(1 + s
2
β)cβ
]
+ 2 + s2β
[−2 + A2{3 + 2h(−2 + s2α)− 2H(1 + s2α)}] }
+(1− 4A)2A2h2(A− h)2(−1 + 4h)√1− 4H
{
s2αΛH + sβsα(sβsα + cβcα)YH
+
[
s2β(1 + s
2
α)− s4β(1− 2s2α) + 2sβcβsαcα(1 + s2β)
]
2H3(−1 + 4H)
}
−(1− 4A)2A2H2(A−H)2(−1 + 4H)√1− 4 h
{
− c2αΛh + sβcα(−sβcα + cβsα)Yh
+
[
s2βs
2
α − 2s2β − s4β(1− 2s2α) + 2sβcβsαcα(1 + s2β)
]
2h3(−1 + 4h)
}
−
[√
1− 4Ah2H2(1− 4h)(1− 4H)
]{
(A−H)2P5 + s2αP ′4 + s2β
[
− 4A7
22
+A6(−54− 152h+ 24H) + 2A5(17 + 114h+ 48H + 46h2 + 6H2 + 136hH)
−A4(5 + 96h+ 66H + 142h2 + 58H2 + 432hH + 168h2H + 184hH2)
+2A3(6h+ 5H + 29h2 + 17H2 + 94hH + 136h2H + 118hH2 + 54h2H2)
−A2(7h2 + 5H2 + 24hH + 114h2H + 96hH2 + 146h2H2)
+2AhH(6H + 7h+ 29hH)− 7h2H2
]
+ s2βs
2
α2A(−1 + 4A)(h−H)
[
22A4
−A3(11 + 10h+ 10H) + A2(1 + 8h+ 8H − 2hH)−A(h +H + 5hH) + hH
]
+s3β(sβ − 2sβs2α − 2cβsαcα)P3 + sβcβsαcαP4
})]}
.
A.2 The result for the O(α2t ), O(αtαb) and O(α2b) corrections
In the following we list the full result for the O(α2t ), O(αtαb) and O(α2b) corrections. As
explained in Sect. 2.4, it has been obtained by using the Higgs sector relations eqs. (24) and
(25). We give this result for arbitrary space–time dimension D, using the shorthands
∆i,j,k,l = i+ j D + kD
2 + l D3, ∆i,j,k = i+ j D + kD
2 . (37)
The result is expressed in terms of the one-loop scalar integrals A0(m) and B0(p
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c4β (D − 2)2Dm4t −m4b s4β ∆16,12,−24,3
+m2b m
2
t
(
∆−48,28,8,−1 + 2 s
4
β∆−24,20,−2,1 + 2 s
2
β∆48,−28,−8,1
))
+ 4
(
m3b −mbm2t
)2
(
− c4β (D − 2)2Dm8t +m4b m4t
(−2 s2β (5D3 +∆−80,124,−36)+∆−96,388,−204,25 − s4β ∆−24,100,−54,1)
+ 2m8b s
4
β ∆20,−4,−13,3 +m
2
b m
6
t
(
s4β
(
5D3 +∆8,52,−46
)− 2 s2β (7D3 +∆24,48,−52)+∆32,36,−44,5)
+m6b m
2
t
(
s4β
(−9D3 +∆−72,60,14)+ 2 s2β (11D3 +∆−56,168,−84)+∆64,−36,−12,3)
)
27
+ 2M8A
(
− 2 c4β (D − 2)2Dm6t −m4b m2t
(
s4β
(
6D3 +∆−192,136,16
)
+ 4 s2β
(
2D3 +∆92,−60,−13
)
+∆−200,116,34,−5
)
+m2b m
4
t
(
s4β
(−7D3 +∆72,−68,14)+ 4 s2β ∆−36,24,3,1 +∆72,−52,−2,−3)
+m6b s
4
β ∆88,20,−94,15
)
− 2M6A
(
− 3 c4β (D − 2)2Dm8t −m6b m2t
(
s4β
(
17D3 +∆−648,588,2
)
+ 2 s2β
(
5D3 +∆520,−444,−6
)
+∆−584,336,102,−18
)
−m4b m4t
(
s4β
(
17D3 +∆−248,108,78
)
+ 2 s2β
(
3D3 +∆288,−140,−88
)
+∆−352,204,52,7
)
+m2b m
6
t
(
− 2 (4D3 +∆−44,28,1)
+ 2 s2β∆−88,44,14,5 + s
4
β ∆88,−68,10,−11
)
+ 2m8b s
4
β ∆148,4,−131,24
)
+ 2M4A
(
− 2 c4β (D − 2)2Dm10t
−m2b m8t
(
s4β
(
7D3 +∆−56,20,6
)− 4 s2β (2D3 +∆−28,4,9)+∆−56,20,6,7)
+m6b m
4
t
(−4 s2β (18D3 +∆36,172,−155)+ 2 s4β (37D3 +∆168,236,−298)+∆136,132,−138,−5)
+m4b m
6
t
(
4 s2β
(
4D3 +∆−100,88,13
)− 4 s4β (9D3 +∆−24,52,−14)+∆296,−164,−42,−15)
+m10b s
4
β∆440,−36,−342,69 +m
8
b m
2
t
(
4 s2β
(
11D3 +∆−348,460,−109
)− 2 s4β (49D3 +∆−304,612,−248)
+∆792,−452,−142,29
))
+M2A
(
c4β (D − 2)2Dm12t +m10b m2t
(
8 s4β
(
32D3 +∆44,150,−153
)
+ s2β
(−182D3 +∆1792,−3672,1480)+∆−1024,580,188,−43)+m12b s4β ∆−608,92,428,−93
+m2b m
10
t
(−2 s2β (7D3 +∆−32,12,−4)+∆−32,20,−12,9 + 8 s4β∆−4,2,−1,1)
+ 2m6b m
6
t
(
4 s4β
(
7D3 +∆−104,232,−102
)− 2 s2β (87D3 +∆16,932,−684)+∆80,660,−552,81)
+m4b m
8
t
(
s4β ∆32,−268,244,−7 + 4 s
2
β ∆80,212,−228,27 − 2∆144,268,−272,27
)
+m8b m
4
t
(
2 s2β
(
219D3 +∆−1056,3292,−1660
)
+ s4β
(
− 221D3 +∆1088,−2900,1380
)
+∆1184,−2412,900,−75
))}}
+ T134(m
2
b , m
2
b ,M
2
A)
8
c2β (M
2
A − 4m2b) (m2b −m2t )2 s2β
{
−M4A
(
c4β (D − 2)m4t
− 4 (−1 +D) m4b s4β +m2b m2t s2β
(
4− 2D + (−6 + 5D) s2β
) )
+M2Am
2
b
(
(D − 2)m4t(
6− 8 s2β +D s4β
)− 2m2b m2t s2β (6 (D − 2) + s2β ∆22,−21,2)+m4b s4β∆28,−32,3)
+m4b
(
m4b s
4
β∆−36,48,−11,1 − 2m2b m2t s2β
(
4− 4D + s2β ∆−16,30,−9,1
)
+m4t
(
− 8 (D − 2)8 (−3 +D) s2β + s4β∆4,12,−7,1
))}
28
+
4m2b
(4m2b −m2h) (m2b −m2t )
T134(m
2
h, m
2
b , m
2
b)
{
m2h
(
(2 +D) m2h + (D − 4)2m2t
)
+m2b
(
m2h∆−28,−6,1 − 2m2t ∆26,−5,−4,1
)
+ 2m4b ∆34,15,−8,1
}
+
4 T134(m
2
t , m
2
b , 0)
m2h
{
− 12m4b +m2t
(−12m2t +m2h∆−22,19,−7,1)+m2b (24m2t +m2h∆−22,19,−7,1)
}
+
4 T134(m
2
t , m
2
b ,M
2
A)
c2β (MA +mb −mt)2 (MA −mb +mt)2 (−MA +mb +mt)2 (MA +mb +mt)2 (m2b −m2t )2 s2β{
2M10A
(
c4β (−2 + 3D) m4t + (−2 + 3D) m4b s4β +m2b m2t
(
2− 3D + 2 (−6 + 5D) s2β
− 2 (−6 + 5D) s4β
))
− 2M8A
(
c4βm
6
t ∆−2,7,2 +m
6
b s
4
β∆−2,7,2 −m2b m4t
(
s4β ∆−34,23,2 − 8 s2β∆−2,−1,1
+ 4∆2,−3,1
)
+m4b m
2
t
((−52 + 54D − 4D2) s2β + (34− 23D − 2D2) s4β +∆10,−19,2)
)
+
(
m2b −m2t
)4(
c4βDm
6
t ∆6,−7,1 +Dm
6
b s
4
β ∆6,−7,1 −m2b m4t
(
D s4β∆6,−7,1 + 4 s
2
β∆−4,22,−9,1
+∆8,−104,50,−6
)
+m4b m
2
t
(−D s4β∆6,−7,1 + 2 s2β∆−8,50,−25,3 +∆8,10,−7,1)
)
−M2A
(
m2b −m2t
)3(− c4βm6t ∆−8,22,−25,3 +m6b s4β ∆−8,22,−25,3 +m2b m4t (4 (−2 + 5D)
− 4Ds2β ∆56,−25,3 + s4β ∆−8,154,−75,9
)
+m4b m
2
t
(
2 s2β
(
3D3 +∆−8,42,−25
)
+ s4β
(−9D3 +∆8,−154,75)
+∆16,50,−25,3
))
+M4A
(
m2b −m2t
) (
m2b m
6
t
(
2 s4β
(
3D3 +∆12,32,−25
)
+ s2β
(−18D3 +∆24,−328,158)
+∆−44,168,−75,9
)
− c4βm8t ∆−20,24,−33,3 +m8b s4β ∆−20,24,−33,3 −m6b m2t
(
2 s2β
(
3D3 +∆−36,100,−29
)
+ 2 s4β
(
3D3 +∆12,32,−25
)
+∆4,−96,33,−3
)
+m4b m
4
t
(−1 + 2 s2β) ∆36,112,−75,9
)
−M6A
(
c4β
(−12− 19D2 +D3) m8t + (−12 − 19D2 +D3) m8b s4β −m4b m4t (∆4,32,−19,1
− 2 s2β∆36,64,−47,5 + 2 s4β∆36,64,−47,5
)
+m2b m
6
t
(
4 s4β∆−20,32,−7,1 − 2 s2β∆−4,−8,5,1 +∆44,−56,19,−1
)
+m6b m
2
t
(
∆−28,88,−19,1 + 4 s
4
β∆−20,32,−7,1 + s
2
β ∆152,−272,66,−6
))}
29
+
4 T134(m
2
t , m
2
h, m
2
b)
m2h
{
12m4b +
(
(2 +D) m2h − 12m2t
) (
m2h −m2t
)−m2b ((14 +D) m2h + 24m2t)
}
+
8
c2β (MA − 2mt) (MA + 2mt) (m2b −m2t )2 s2β
T134(m
2
t , m
2
t ,M
2
A)
{
M4A
(
4 c4β (−1 +D) m4t
− (D − 2)m4b s4β + c2βm2b m2t
(
2− 3D + (−6 + 5D) s2β
) )
+M2Am
2
t
(
2 c2βm
2
b m
2
t
((
22− 21D + 2D2) s2β +∆−10,15,−2)+m4b ((D − 2)2 + (D − 2)Ds4β
− 2 s2β∆8,−6,1
)
+ c4βm
4
t ∆28,−32,3
)
+m4t
(
c4βm
4
t ∆−36,48,−11,1 +m
4
b
(
− 2 s2β∆−8,16,−7,1
+∆−4,12,−7,1 + s
4
β∆4,12,−7,1
)
+ 2 c2βm
2
b m
2
t
(
s2β∆−16,30,−9,1 +∆12,−26,9,−1
))}
+
4m2t
(mh − 2mt) (mh + 2mt) (−m2b +m2t )
T134(m
2
t , m
2
t , m
2
h)
{
(2 +D) m4h +m
2
hm
2
t ∆−28,−6,1
+m2b
(
(D − 4)2m2h − 2m2t ∆26,−5,−4,1
)
+ 2m4t ∆34,15,−8,1
} ]
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